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"Let there be DM."

B "Dark matter" exists:

> galaxy rotation curve, bullet cluster, ...

B Traditional models for DM:
thermal WIMPs with "freeze-out” [~ next slide]

[weakly interacting massive particles]
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https://arxiv.org/abs/1705.02358

Thermal WIMPs with "freeze-out"

chem.eq. o
B T>mpyv:DMDM = > SM SM ... 'DMis in the thermal bath."

(hosted by photons;

> npy is determined by the bath (i.e., by 7). i.e. Tis "photon temperature”)
O.% | |||||||| I |||||||| I TTTIT
annihil. 1072
® 7T < mpv:DMDM » SM SM 1 | .
10_5 Increasing
> DM production is reduced since T < mp. . 195 <‘7¢V>
108 g -
108 =
m T <mpw/30: DM DM % SM SM 10-, . |-
L . . 10-13 Yeg| 77
> DM annihilation is "frozen out" due to expansion. 10-14 Bl Sl o
- DM density per comoving volume, Y, is "frozen". m/T
o LIx107-x¢ 15 a3 x107*¢cm3/s | B
oMl e ooy Gev O 30 (o0) with z¢ = moa/Tro
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(150 GeV)

"stable thermal WIMP as the cold DM"

Figure from Gelmini and Gondolo, 1009.3690
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Thermal WIMPs with "freeze-out"

chem.eq.
B T>mpyv:DMDM = > SM SM .I.'DM s in the thermal bath."
(fosted-by photons;

> npv is determined by the bath (i.e., by T). thermal i ris "photon temperature’)

O.% | |||||||| I ||||||I| I TTTIT
annihil. 107
T < mpv:DM DI\@ :}SM SM 1 . .
10_5 Increasing
> DM production is reduced siné(xT< DM- . %8:2 <0¢V>
weakly-interacting 197 Ty
1010 —
m T < mpw/30: DM DM % SM SM 10-1 i
cl et e . " . 10-13 Yeo| 7
» DM annihilation is "frozen out" due to expansion. 10-14 Bl cdil
- DM density per comoving volume, Y, is "frozen". m/T
stable

1.1x 107 - 2 15 21 3 x 10 20 cm3 /s

Qpyh? ~ ~0.1- —
DM V= Mpi(ov) - GeV V7= 30 (o)

with zy = mDM/TfO.

2
Aey
(150 GeV)QJ massive / cold

"stable thermal WIMP as the cold DM"

Figure from Gelmini and Gondolo, 1009.3690 I / 35
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"Let there be DM."

B "Dark matter" exists:

> galaxy rotation curve, bullet cluster, ...

m Traditional models for DM: )
thermal WIMPs with "freeze-out” [ next si4

9,


https://arxiv.org/abs/1705.02358

"Let there be DM."

B "Dark matter" exists:

> galaxy rotation curve, bullet cluster, ...

m Traditional models for DM:
thermal WIMPs with "freeze-out” [ next sI{4)

B Discrepancies in sub-galactic scale see, e.g, Tulin, Yu [1705.02358]

> Core-cusp problem ... pDM(r)‘ oc ! (numerical simulation)
r—

0 [low-surface-brightness galaxy]

r% (observation of LSBs, dSphs)
] . . . . [dwarf spheroidal galaxy]
> Diversity problem ... Variety of rotation curves is observed.

> Too-big-to-fail problem ... Big DM halos expected are not observed.

- the effects of baryon? or: non-traditional DM?

Yet a trend to explore "exotic” DM scenarios.


https://arxiv.org/abs/1705.02358

Griest-Kamionkowski DM unitarity bound Griest & Kamionkowski, PRL 64 (1990) 615

B Thermal WIMP relic abundance
1L1x107 -z 0.1 15 x¢ 3 x1072% cm? /s
V=M {ov) -GeV "~ /g, 30 (ov)

QDMh2 ~ with It — mDM/TfO.

B Unitarity bound on partial-wave cross section
o= ZO'J, o7(2—2) < 27+ U
J

3
Pi

> For Vrel < 1, <O-Urel> ~ O J=0Urel
s A

< Urel 7~
= (mue/2)2 T m2y /6]

QDMh2 <1 <= mpuy <340TeV (for majorana-fermion DM).

* For Qpyh? = 0.12, the bound is ~100 TeV.

Models to break this upper bound?

Figure from Gelmini and Gondolo, 1009.3690 7 / 35
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Second stage annihilation: Overview

Our DM particle: "hidden quark” X [a particle with SU(N)-charge]

chem.eq.
® 7 >mpm:.DMDM s > SM SM

annihil.

« confining at T=Ap

* extra gauge symmetry
[called "hidden color" or "dark QCD".]

BT < mpy: DM DM SM SM
BT < mpu/30 : DM DM*SM SM

—2
Oannihil. ~ My

T ~ Ap : phase transition

annihil.

m 7 < Ap:[DM][DM] SM SM

-2
Oannihil. ~ AD

hadronized

BT~ Ap/30 :SSAis frozen out. > DM "frozen".

Qpymh? 3 x10726cm3 /s mx A3 A m 2
» DMA™ o / ~ X D4 — | Qpy ~ D ( X )
0.1 (30mx A3)—1/2 (10 TeV) mx \30TeV

Assuming Ap > MeV not to ruin BBN,
10TeV < my < 1PeV.
0~A52
{Urelfo ~ /T /mx
N\/AD/BOmX



Agenda

(/) Introduction

2. Dark QCD models and Our toy model

3. Annihilation cross section:

—2
Oannihil. ~ AD

> "Rearrangement” is the dominant process.

4. Conclusion




SM + dark QCD models (1) Without quarks ("pure Yang-Mills scenario")

Dark QCD: hidden confining SU(N) gauge symmetry

m |f no "dark quarks" are added:
[particles charged under dark QCD]

dark gluons (radiation) glueballs . JMgb ~ 7Ap
© ®@ Rab ~ Ao
5 o @
PT. o
@
T> Np T'<Ap

This is via "dark-QCD string formation":
(dark)gluons glueballs
S \ V S
P.T. - -

QCD strings

see Forestell, Morrissey, Sigurdson [1710.06447] * Note the subtlety on "temperature".

" (ground state 0*+)

10,..


https://arxiv.org/abs/1710.06447

SM + dark QCD models (2) With fundamental quarks

Dark QCD: hidden confining SU(N) gauge symmetry

m With one quark Q with SU(N)-fundamental representation:

gluon

Q n 2
Qe _ 0\9 — ‘/string(r) ~ ADT

)
PT.

Qe 5,_/9 (+ glueballs)

mq > Np \
Q _
0,

mq < Np
— R c—e

Q Q
“quirks” (

0 dark) mesons
Qecrry YV Y T a0 Q e 0—o 00 c—eo(Q

(Their fate depends on model-details.)

see
Kang, Luty [0805.4642], Kribs, Roy, Terning, Zurek [0909.2034] for quirk models, 1 1
Kang, Luty, Nasri [hep-ph/0611322], Appelquist, Brower, Buchoff, et al. [1503.04203] for meson models.



https://arxiv.org/abs/0805.4642
https://arxiv.org/abs/0909.2034
https://arxiv.org/abs/hep-ph/0611322
https://arxiv.org/abs/1503.04203

SM + dark QCD models (3) With adjoint quarks ("R-hadron scenario")

Dark QCD: hidden confining SU(N) gauge symmetry

m With one quark Q.4 with SU(N)-adjoint representation:

gluon
Q. 0 %dj Qadj
I Qs g /
7 g (+ glueballs)
Q,, PT.
& &—

Q.9

adj

'R-hadrons” ... stable: DM candidate.

see Arvanitaki, Dimopoulos, Dubovsky, Graham, et al. [0812.2075], Feng, Shadmi [1102.0282] 1 2 / 35



https://arxiv.org/abs/0812.2075
https://arxiv.org/abs/1102.0282

Our toy model

Our Model: two fundamental quarks X and g: [ mx > Ap X mq

gluon +gq

e
g y y '/‘ / XK
- ¢ y
4 V4 {[ ’\.’-" /
§

Y &Y 4
((

ad f
~ f @
1) - —

/ 0 _ p/ )?
/ X . X {}‘6:,3»’ P T ‘\‘f k - X
q3qz

qg ®

(Xq)- and (gg)-mesons
/ (+glueballs)

X 7 i?

o i g / |
T>> AD T< /\D

(after Xs freeze-out)

13...



Our toy model

Hyx = (Xg)-meson
Our Model: two fundamental quarks X and g: [ mx > Ap X mq

» At phase transition, [ ]
_ glueball

X, X, g g — Hx, Hx, (gg), G

"matter” "radiation” mass ~ my mass ~ Ap

» Hy : stable > DM candidate [our focus]

> (gq), G : decays to the lightest one ((q4)s, if mg < Ap) A

whose fate depends on model-details.
beyond

> this work
> Baryonic DM may be produced:
XgN—1 — X2qN-2 ... XN )
L—size ~ AS"; interacting— ~ [size ~my " = relic

--- another DM component]

see Arvanitaki, Dimopoulos, Dubovsky, Graham, et al. [0812.2075], Feng, Shadmi [1102.0282] 1 4 / 35
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Thermal history of X Hx = (Xg)-meson

Yy (=~ YHX) phase transition

freeze-out

second-stage annihilation

second-stage freeze-out

S time

T'~myx/30 A\p Ap/30

15,



Thermal history of X Hx = (Xg)-meson

- DM relic density in our scenario: ——
> Not sensitive to the history before SSA.

» Sensitive to SSA cross section:

SSA should be efficient and
OSSA ~ /\52.

What are the processes for SSA?

16.,..



Processes for Second-stage annihilation

Hyx = (Xg)-meson

1) Rearrangement

X
Hx + Hyx — (XX) + (qq) X

> Qi

Q X!

q
q
2) Radiative processes such as

_ _ q
X+ X— (XX) + @ with"g"s as spectators X

some light particles (model dependent) X W
A !

Our work suggests:

Orearrangement ~ 1/AZ > responsible for SSA

Oradiative ~ 1/ mf(/\D - subdominant

102

TTTTT



Processes for Second-stage annihilation

1) Rearrangement — Remark
| Both should be followed by

Hy + Hx — (XX) + (qq) (XX)-decays:
(XX) = G and/or (qq)

(otherwise X-number conservation).

2) Radiative processes such as , o
So DM relic density is

vy and 2my, — Moy
some light particles (model dependent) (XX) X (XX)

(but beyond the scope of this work).

Our work suggests: RV eSS

Orearrangement ~ 1/AZ > responsible for SSA

Oradiative ~ 1/ mi/\D - subdominant

102

TTTTT



Agenda

0 Introduction

o Dark QCD models and Our toy model

?
3. Annihilation cross section: | Gannihit. ~ Ag?

> "Rearrangement” is the dominant process.

4. Conclusion

19...



Potential-scattering problem

Hyx = (Xg)-meson

Orearrangement

» Lattice QCD
> perturbative non-relativistic QCD (pNRQCD)

Hx + Hxy — (XX) +

too much...

(99)

X Qi

Q X!

» If mg 2 Ap, we can use semi-classical analysis.
... calculate semi-classically and extrapolate;

"Quantum-mechanical scattering under Cornell potentials".

/

potentials for quarkoniums:

QD
Vi) = -2 1 52,
T
[C_YD =Cap; C= (Cl + Cy — 012) /2]

V1t /

quadratic Casimir of
constituent 1, 2, and
their bound state.

(C = (N?—1)/(2N) for our model)

dark-QCD coupling

2.5

2.0

0.5 1.5



Potential-scattering problem

Orearrangement Hy + Hy — (XX)+ (qG) |V (r) = —QTD + N2

= equivalent to hydrogen-antihydrogen rearrangement. <J We can ignore

. . <
Froelich, Jonsell, Saens, Zygelman, Dalgarno SINCe SIZ€ < 1/AD'
PRL 84 (2000) 4577, PRA 64 (2001) 052712, JPB 37 (2004) 1195.

H = %free + Hint
Heree = (kinetic energies)

Hint = Vaa + Vs + Vap + Vap + Var + Vb
ap ap Qap Qap an an
= - - - - +
[7aall  lrsell  lrasll el llrasl]  [7ras]

\ J L J
Y Y

active for IN state active for OUT state

IN j’ '&5 ouT
®-><O
Hy + I:Ix interacting (X)_() + (qq)


https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.84.4577
https://journals.aps.org/pra/abstract/10.1103/PhysRevA.64.052712
https://iopscience.iop.org/article/10.1088/0953-4075/37/6/005/meta

Review: Potential scattering [e.g., Weinberg, Lectures on Quantum Mechanics, § 8.1]

. .y .
H = Hy+ V; V ~ 0 for separated particles Schrodinger repr.

H |\I/gé:> = F, ‘\I/§> IN/OUT states are (subset of) H-eigenstates. % 5 t) = —iH |1);t)

) = [¢;0)

Hy ‘(I)a> = F, |(I)a> "free states"; orthonormal to each other.

Definitions of IN states |¥) and OUT states |V}, ):

[ daglaye s === [ daglaye B o,)

|:> \Wf) = |®y) + (Eo — Ho £ 16) V Wf) Lippmann-Schwinger eq.

Definition of S-matrix &

_ +
’\Il;t> ::/dﬁsﬁa‘\l!a> j‘> Sﬁa = 6 Oz) 27T15(E5 E )<Q)B‘V|\I’ >

(5 ) + 5(4) (pB — pa),/\/lﬁa (defining M-matrix)
(850 = (w5120))

:'I > _ ATV EAErnELE }
CAB—=12 2EA2EBvrel/47r STE [< m) EaEBELE, | M|

= 20 (22 s IMP a2 29

[momenta and reduced masses of initial/final system]




Review: Potential scattering [e.g., Weinberg, Lectures on Quantum Mechanics, § 8.1]

. .y .
H = Hy+ V; V ~ 0 for separated particles Schrodinger repr.

H |\I/2é:> = F, ‘\IJ§> IN/OUT states are (subset of) H-eigenstates. % 5 t) = —iH |1);t)

) = [¢;0)

Hy ‘(I)a> = F, |(I)a> "free states"; orthonormal to each other.

Definitions of IN states |¥) and OUT states |V}, ):

[ daglaye Bt === [ daglaye i o,)

= e i |u)
ety — L jut
1
e—iHo(—OO) ‘¢a>< HO ’¢a> HO > e—iHOO ‘¢a>
1
|W$>:Q+@a>§ ‘\IJ_>< H e_iHOO|\If_>
Q_|_ — tlglin ethe—iHOt (e
[Mgller operator]

Sga = <\IJE\\I/2> [time independent!] 23/35



Multi-channel potential scattering

[e.g., Taylor, Scattering Theory, § 16]

H ‘\Ij;t> = Lk, \Ij;t>
Hin |(I)lorél> — Ea q)gl>
Hout |(I)(o)¢Ut> = Fq (I)gzm>

t = —o0

e H=20) gty — T
1 H

¥ (=20) | pin)

Qf := lim exp (iHt)exp (—iHat)

t—Foo
[channel Mgller operator]

&

Hin — %free + VAa + VBb ‘? o
Hout — Hfree + VAB + Vab

<O

)
o) 1
t —1H out 00 ou
DY) > e a0
N e~ |4
o> <o
@0

24,



Multi-channel potential scattering le.g., Taylor, Scattering Theory, § 16]

&

7'[im — %free + VACL + VBb J 5
Hout — Hfree + VAB + Vab

<O
) = QI |®) .. "Forany state|®') thatapproachesto § % at t=—oo,

"\ there exists a state |¥) that satisfies
T W) = e |gin)

e

(and it is given as such).

— (U |t
Qf = . lim exp (iHt) exp (—iH at) Spa = <\Ij5 L)
[channel Mgller operator] = <<I>C5’“t Qiuﬁﬁﬂf CIDgl>
— Remark
Orthogonality & completeness _ M = 27 (I)Ollt o \I/+
[Faddeev (1965), Hepp (1969)] < s (H HOUt) ‘ o >
ZY L) AL A \\ \

A =B B =B B of.) M oc (VW)
A A

for single channel. 2 5 s




Factorizing the wavefunction & the matrix element

lrg —R/2[ - rg + R/2|  lrq — R/2[| * [lrg + R/2]|

'Y — —_ — _
. \ ap ap ap ap

S

o> <o
<O Born-Oppenheimer approximation Y’% ........ —
(already - ) A |
factorized) U(r, R) = ¢(R)y(r; R)
where (K, + Kq+V)y(r; R) = E'(R)¥(r: R)
L (Kx + Kx)o(R) = (E - E'(R))¢(R)
v v

factorized form U (R, 7y, rg) = v~ (R) ¥ (R; 1, rg)
[motion of heavy quarks]
[light quarks around the heavies]

26,



Factorizing the wavefunction & the matrix element

(Htot HXX) VBQ( )@qu —>  gives Veo & ¥? asfunc. of R
[with fixed R]

1 _ _
— V5 + Vyz(R) + VBO(R)] Y X = B
|\

2mX J

—. Mn(R)

factorized form U (R, 7y, rg) = v~ (R) ¥ (R; 1, rg)
[motion of heavy quarks]
[light quarks around the heavies]

27



Factorizing the wavefunction & the matrix element

(Hiot — Hx ) Vs

[with fixed R]

_QmX

VBO( )wqq_, gives Vo & X

1 _
—— V%4 4+ Vys(R)+ Veo(R)| v
|\

99 as func. of R,

Vi, depends only on "Bohr radius” a, =

(N.B.

> we can use the result for H-H system.

-0.4F

am="
-
.
-
-
-
-
-
.
-

-
______
________
-
-
-
-

Vin(R)
Strasburger, JPB 35 (2002) 103

_ (theoretical calculation)
-16¢¢
1 2 3 4 5
R/aq

we are still under the assumption (1/aq) ~ Ap.)

_ XX
— Ewin
J
— MH(R) Vi NL(v)Q_&_D
T om " r
1 q
(oszq) 1 (V.)?  ap
- 2m,  aZ _a:aq
1 (V2)?2 1
agmql 2 _E]

{|R>1: Vo ~ —a?dmg, = 2 x (Hx binding energy)

{1 |R < 1: Vo ~ —a%my/4 = (¢-q binding energy)

(c.f. Bohr model E, = ua?/2n?)

flatness = screening by gs

28,


https://iopscience.iop.org/article/10.1088/0953-4075/35/19/103/

Here are the materials; just to calculate.

Ep = binding energy of Hy

M =2 (DG | (H — Houw) | UL)

/ PRYXY(R)* T(R) XX (R)

T(R) = [@rydrg vl (1 = How)
Incoming wavefunctions: BO approx.

2m

(Heot — Hx ) Vi

[——v + vin<R>] XX = By

_V O(R) qq

Outgoing wavefunctions: free waves

ag = (apmg) " (Bohr rad.)

Hx Hy
D e
~J aq ~Y A]:_)l

Wx x

0.5 — ——= ‘
i incoming XX waves

0.0} {fsh

— my=104 , /=0, E;

=0.2Ep
~0.5} 5
F— my =107, /=0, E;j=0.2E},
my =103, /=25, Ej=0.2Ep,
—1.0F— myx=10%, /=0, E;=2x10"8E},
0 1 2 3 4
|
R/aq ~free plain-wave
(- flat potential)
1.0} XX waves

: === |ncoming: my =105, /=0, E;=0.2Ep,
0.5¢ ]

= Outgoing: mX=105, /=0, n=24

0.0}
~-0.5f
-1.0f
~-1.5F L
0 1 2 3 4
R/aq




Here are the materials; just to calculate.

Ep = binding energy of Hy

M =2 (DG | (H — Houw) | UL)

/ PRYXY(R)* T(R) XX (R)

Incoming wavefunctions: BO approx.

2m

[——v Vin<R>] XX = By

(Hiot — Hx 3) VI = Veo(R)yH

Outgoing wavefunctions: free waves

ag = (apmg) " (Bohr rad.)

Hx ﬁX ki < Ap [shallower (XX)]
@D :: \ ry < A]Sl [deeper/ground (gq)].
D e 1 Mnlm(Ein) — /d3R [¢out }:;lm T(R) [wi)er]Ein,l
~J aq ~J AD

—» We neglect the angular dependence of T

T(R) = T(R,Qr) ~ T(R)

so that we use H-H results

Jonsell, Saens, Froelich, Zygelman, Dalgarno
JPB 37 (2004) 1195.

(const.) x [Ef + 3a%,mg — Veo(R)]
T(R) = for R > 0.74a,
0 for R < 0.74qa,
BO is no longer valid since

gs are attracted by each other.
Strasburger, JPB 35 (2002) 103

— Remark
This corresponds to "dipole approx."

explike- (rq+75) =1,

which we can validate for

<

30,
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Then we got results; several interesting properties. Ep = binding energy of Hyx

E,=0.06Ep, /=0

E=0.6E,, =14

Branching Ratio gy,/g;

0.0 0.5 1.0 1.5 2.0

0.100}
~  0.050]
Eq 0.010}
B 0.005]
X

S  0.001}
5.x1074}
Hx Hy

M

Naq NA]:_)l

ag = (apmg) " (Bohr rad.)

... deeper/ground states

E¢/Ep

0.100¢

0.010¢

0.001 / E=0.06 E,, /=0

Branching Ratio g,,/g;

10 - - -
R ~ A[_) 1 1.0 15 2.0

R~ Ag!
... highly-excited states

w031
Coulomb potential expectation: % ~ 2 5 / 35




Then we got results; several interesting properties. Ep = binding energy of Hyx

......... o
0.100! larger I preferred | 'TE 20068, =0
~  0.050] & 0100}
5 £ 0.010
S 0010 e
B 0.005{ £ 0.001 -
X 2
S 0001} £ 1 kinetic energy: initial < final
5. x107%} 1( (exothermic > inverse process = less)
U.U U.O .U 1.9 Z.U
......................... I
0 10 20 30 40 ”’
) similarin T ~ E;; = 0.06-0.6
< Ryx ~aq ~ A’
 0.100
g /
© 0.010}
_ % 0'001/ E=0.06 E,, (=0
HX HX ® -4
R ~ Agl 10 1.0 15 2.0
R, v/a
@D \ ... deeper/ground states
— 1 —1
~ ag ~ Ap R~ AD

... highly-excited states
y 23712—l2 32/35

— —1
aq = (apmg)  (Bohrrad.) Coulomb potential expectation: %




Then we got results; cross section is geometric and SSA works well!

o Ein = 0.6Ep = 0.6a2mq

_ — (1-9\a2 ~e A—2
1 | Orearr = (Gomq)? = (1 2)aq ~ A
N S~ Total Cross section I
"geometric” cross section
|=4n/k?
o1
are shown.
21+ 1
| | | | An(2l+ 1)
5x10* 1x10° 5x10° 1x10° . O] = K
[U m] N
m
xR close to the unitarity bound.
[aZaJ, o3 2) < (2J;21)7r]
max
4 4
2 2
o= E o1~ Ty E (20 +1) ~ o (Imax)” ~ dra,
11’1 l 11

for T~ ©(0.01—0.1)Ap

Note: for T — 0, Imax — 0 and only s-wave interaction is available; 0 ~ aq/kin. 3 3 / 35
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0 Introduction
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e
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> "Rearrangement” is the dominant process.

4. Conclusion
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Conclusion

r Yx (=~ YHx)

A

i

{
(
§
]
I
I
'

f
]
|

T~ my/30 Np Ap/30

Michael Geller, SI, Gabriel Lee, Yael Shadmi, Ofri Telem [1802.07720]

Rearrangement
Hx + Hx — (XX) + (qq)

Orearr = (aq)2 ~ AEZ

- Second stage annihilation!

Radiative process

o w

0 ~1/y/m3Ap —

gluon +q
W il )
Z °3 o X :; 'X\_f g\. ‘ X
- . G0 0 7% . — qéﬂ@ > Hx+ Hx— (XX) + (q9)
Q %1 ¢ — - }
2 qe ;//’; ° / decay
Sy’
T> Np AD mx 9
(after Xs freeze-out) QDM ~ (30 Te\/') N PeV DM?

mx

35,
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Agenda

1. Introduction

2. Dark QCD models and Our toy model

3. Annihilation cross section: | Gannihit. ~ Ag?

> "Rearrangement” is the dominant process.

4. Conclusion

El. radiative process?

E2. states and wavefunctions



Extra 1: radiative process?
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Processes for Second-stage annihilation

Hx = (Xg)-meson

1) Rearrangement

q X

Hx + Ax — (XX) + (qq) * X
X- q

q q

2) Radiative processes such as

_ _ q
X+ X— (XX) + @ with"g"s as spectators X

some light particles (model dependent) X W
q

Our work suggests:

Grearrangement ~ 1//\% 9 I"eSponSib|e fOI’ SSA

Oradiative ~ 1/ mf’(/\D - subdominant
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What to calculate. ¢: some light particles (model dependent)

We consider scalar X with a U(1) gauge interaction:

1
L> _ZFWF“” + Z (| DMXi|2 - m?|X¢|2) )
i=1,2

F;w = u¢y - 8u¢p,a D,qu - (au - icig¢u)Xia

Then, for example,

X+X — (XX)+¢

which is seen as W

X

X
‘Z/{K,kz> — |Bp,zm,n> X ‘QOP¢> qg
scattering state bound state
under 5
i —ey TA f < Te,
the Cornell potential V(r) = I gl or [[r|| <
—2 4 N2 for [|r > re.
We introduce a cut-off at r..
: d3p e 7 P ~ P
M?c—ﬂm,n — —4€X\/mX /(27T)3 p]"/}lm,n(p) [¢k (P + 7()0) + ¢k (p — 7(’0)]
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What to calculate. ¢: some light particles (model dependent)

\ I ]

- - =7 'x.=15| ]

B Cornell potential rescaling 10} ot ]
@ a | N SN
Vir)=——4+Ar=(——+z) Ey 0 .
r T G 3 |

= 10} |

B 1/3 —2/3 =107 Y 1

€:=—, Ey:= A A, a:= (A> , ' A ‘

Ey 2/ 2p = | =10

. A 1/3 1 -20F — 1 =21 ([max)

€ri=—, ro = | — e , : ! 1 ]

o 2u) A 0 5 10 15 20

H Schrédinger equation (for both scattering and bound states)

(—Vi — % + :U') Y(xro) = e (xro)

S tina() = 55 0.0, o) = @+ )X B g
To 1=0

E>[_aa—;+l(l+1) _gﬂj] (@) = €y (x)

2 T
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Finally...

m After a long long calculation, we reached

j I’p -, 7 P, 7 P,
My iman = —dexy/mx (2r)? P Unn(@) |0k | P+ > + ok | P — o>
l 2 2/3
‘ 2e AD
jl> Urel Okz—ln — Z Urel Okz—lmn — 5{ ( ) Jk,in
— 1 mX mxy

Jiin = (ex — €n)® [(l 1) [T gg1om|* +1 |Ik,l—1—>ln|2]

Ik,lil—)ln = /dl'CCXan(x) Xk,zil(x)

=15 ~10 =5 0

€in 4 1
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Finally...

and...

0.1
e 1072 e
'm'|< /zr” .--~-.~.§“l-
= - e
= -3
\b/ ]O _f—"'_-_*“*_§’_““
AT T T I =g T~
i<, o=~
]O‘4f s
1075 | |
10~2 0.05 0.1 05 1
T/Ap

For T = 0.1Ap,

(Vrel 0) m)_(z

(o) o< (m3Ap)~ "2

| —— my/Ap = 49.3
10} —E- =125
--e-- = 296

1y B
= -
b 0.1 -
~ ’*-——._._~—“0~ - \'\\‘\
- -a- 7_:: > &k \\‘\\‘
lO" o _f"\ -
. - .
lo—BL“’ e s Sy PO S T A S WAt i
10~= 0.05 0.1 05 1 5 10
T/Ap

.... subdominant compared

to the rearrangement.
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Extra 2: states and wavefunctions




Energy levels

w

w

m_. o |8 |8
- TS R b
e 7 =
tREREEEEEE 1
thebbbbbbEE e
fHtttbebbe -
CHHHEHEEE s
m_ ~ola 1%
£l sely ¥
I
T e
HUAR e
T i
T A

Tedul)

quionoy >

= 0 (linear)

(b) ap

/4

(a) ap
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Wavefunctions

1.0

0.5j

"—(Ln)=(0,1):€ = -12.66
—(L,n) = (0,2);€ = —10.91 -
~—(l,n) =(0,3);e = -9.48
—(Ln) = (0,12); € = —0.49
' —=(n)=(,1);e=—11.64 .
== (,n)=(1,2);e=-10.12 |
|
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- |
I i i i i | T S S T BT S
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[T T

I —(l,n)=(51);e = -8.51 |
1.0 —(l,n) = (5,10);€ = =0.02 -

[ -=(,n)=(18,1);e = -1.37 |
== (l,n) = (18,2);e = -0.57
= (Ln) = (19,1);€ = -0.91 .
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